2020 JC1 H2 Maths Promotional Exam: Examiner Remarks

1 Amy, Bobby and Carla went shopping for cupcakes. Amy paid $5 for each of her cupcakes, Bobby paid $4 for
each of his cupcakes, and Carla paid $3 for each of hers. As a result, although Amy bought 4 cupcakes fewer
than Bobby and Carla combined, she paid $14 more than Bobby and Carla combined.

If, instead, Amy and Bobby had paid $3 for each of their cupcakes, they would have paid $46 less in total.
Find the total number of cupcakes bought by Amy, Bobby and Carla. [4]

Suggested solution

Let the number of cupcakes that Amy, Bobby and Carla bought be a, b and ¢ respectively.

a+4=b+c=a-b-c=—4 ———()
5a=4b+3c+14=5a-4b-3c=14 ———-(2)
Ja+3b=ba+4b-46=2a+b=46 ———(3)

Solving (1), (2), and (3),
a=18,b=10,c=12

So they bought 40 cupcakes in total.

Alternative to equation (2):

5(b+c—4)-4b-3c=14=b+2c=34 ———(2a)




X" =X
2 (i)  Solve exactly the inequality ——— <1.
x+1

X+ X
(i) Hence, solve exactly the inequality T <1.

3]

[2]

Suggested solution

2_ —
0 X=x-1 4

X+1

For x* —2x—2=0:

2%\(-2)" - 4)(-2)
B 2(1)

(x—l—«/§)(x—1+ J§)

X+1

- 4 -+
——————
- =R A3

S0 x<-1 or 1—/3<x<1++/3.

=1+./3

So <0

(i)  Substitute —x for x:
—x<-1o0r1-+3<-x<1+43

x>1 or —1—\/§£x£—1+\/§




3 (i)  Sketch the curve with equation

_x*+9x-5
x+10

indicating clearly the equations of any asymptotes, the coordinates of any points where the curve crosses
the axes and of any turning points. [4]

(i) Hence, find the range of values of k, where k is real, such that the equation

2 —_—
X H9X=5 10k —11
x+10
has no solution. Show your reasoning clearly. 2]
Suggested solution
X°+9x-5 5

i By long division, y = Xx—1+

® yong y x+10 x+10
Asymptotes: y=x-1 and x=-10

Intercepts: yz—%, x=-9.52 and x=0.525

Turning points: (-12.2,—15.5) and (—7.76,—6.53)

HORHAL FLOAT AUTO oa+bi RADIAH MP n

; (0.525,0)
“ol521 0y, *
( | (0, ~0.5)
(~7.16:%6.53)
(-122,1155)
- 1
1
2 p—
i) SIS 10k -11=k(x+10)-11
Xx+10

RHS gives y =k(x+10)—-11 or y+11=k(x+10), which is a straight line passing through (-10,-11) and
gradient k.

Hence, for equation to have no solutions, k <1.




4 Without using a calculator, show that the curve defined by the parametric equations
x=t*+t, y=t>+t°

intersects the line y = x at two distinct points. Prove that this line is the normal to the curve at exactly one of
these points. [6]

Suggested solution

To find the points of intersection, substitute x=t*+t,  y=t>+t*into y=X:

2+t =t 4+t
t*—t=0
t(t>-1)=0
=t=-100rl
Att=-1, x=y=0
t=0, x=y=0
t=1, x=y=2

Therefore, the line intersects the curve at two distinct points (0,0) and (2,2). (shown)

MORHAL FLOAT DEC REAL RADIAH MP 1

HirsT2+T \‘1'='I'9‘0T2/

=8 Y=o

2
L P N AP S
dt dt dx 2t+1

Att=0, % =0. So equation of a normal to the curve at (0,0)is x=0.
X

dy_3CD°+2(n)

dx 2(-)+1

= Gradient of normal at (0,0) = 1. So equation of a normal at (0,0)is y=X.
d_y: 3(1)% +2(2) :§¢

dx 2M)+1 3

Therefore, the line y = X is a normal to the curve at exactly one point (0,0).

Att=-1,

At t= -1




5 (@) The variable vector u satisfies the following equations:

4
u-| 1 |=-6 and
-2
1 1
ux|2|=k|=2]|,forkeR, k=0.
3 1
1
(i)  Explainwhy u-| -2 |=0. [1]
1
(i)  Hence or otherwise, find the set of vectors u and describe this set geometrically. [3]

(b) The points A, B and C have distinct non-zero position vectors a, b and c respectively and the vectors
satisfy the equation ¢ = /1a+(1—/1)b where AR, 1#0, 1 =1. Prove that the points A, B and C are

collinear. [2]

(c) Given that the point P has a non-zero position vector p and that the plane IT has equation r-n=0,
where n is a unit vector, state the geometrical meaning of |p . n| in relation to the point P and the plane

I1. [1]

Suggested solution

1 1 1 1
(a)(i) Since ux| 2| is perpendicular to bothuand | 2 |, it follows that | —2 | is perpendicular to bothuand | 2 |.
3 3 1 3
1
Hence u-| -2 |=0.
1

(a)(ii) Hence (use equation from (i))

X 4
Letu=|y|,thenu-| 1 [=—6=4x+y-22=-6 --(1)
z -2
1
Also, u-| -2 |=0=x-2y+z=0 ---(2)
1




Solving (1) and (2) with GC, we get

4
=——+=z
3 3
y:—g+zz,i.e. u=|y x:—f+/1,y=—g+2ﬂ,,z=3i,ﬂe}R
3 3 3 3
z=1
) 1
This set represents the line passing through the point (—g,—g,oj and parallel to | 2 |.
3

Otherwise (use given equations)

X 4
Letu=|y|,thenu-| 1 |=4x+y—-2z=-6.
z -2

X 1 3y-2z k 3y—-2z-k=0
Also, |y |x| 2 |=| z—-3x |=| -2k |=>-3x+z2+2k=0
z 3 2X—Yy k 2x-y-k=0

Solving,

NORMAL FLOAT AUTD REAL DEGREE MP

PLYSHMLT2 APP

SYSTEM MATRIX (4 x S5)
y 1 -2 0 6

H
1 [:} -1

n NORMAL FLOAT AUTD REAL DEGREE HP

PLYSHLT2 APP

SOLUTION SET]

. PP 3
x1B-3+5x3

=-2,2
xX2= 3+3>(3
X3=X3
x4=-2

[SYSHMItH,5)=0)

[MAIN TMODE ICLEARI LOAD ISOLVEI

lMHIN|MODE|SYSM|STORE|RREF

4
U= X=——+1
Y 3

This set represents the line passing through the point(—g, —%, Oj and parallel to | 2 |.

,y=—§+21,223/1,leR

1

3

(b) c=da+(l-A)b=c-b=2(a-b)=BC=1BA

Since BC and BA are parallel with common point B, the points A, B and C are collinear.




Alternative

c=Jda+(1-1)b
=b+4(a-b)

This is the equation of a line. Specifically, point C lies on the line passing through point B with direction vector
BA.

Since OA=0B + BA, point A also lies on this line, therefore A, B and C are collinear.

) |p-n| is the perpendicular distance from point P to the plane IT. OR

length of projection of OP onto normal of plane IT OR

"shortest distance from point P to the plane IT"




52x

«\/7 6x — X

6 (@ Find

(b)  Find jzsinkxsinxdx,where keZ, k=>2.

[4]

3]

Suggested solution

(@)
—5 2X

\/7 6Xx — X
—J + (_G_ZX) dx
\/7—6x—x2 J7-6x—x?

J’ J (—6—2x)
4/16 x+3 J7-6x—x°
=sin‘1(X13j+ 7-6x-x" +C

+1

2
=sin‘1(XT+3)+2 7-6Xx—x2+cC

(b)

j25in kxsin xdx

= [~ cos (kx+ x) —cos (kx — x) ] dx
= [ cos(k —1)x—cos(k +1)x dx

=isin(k —1)x—ki+15in(k +1)x+c

Alt (using integration by parts)

_[ZSin kxsin x dx

=-2sin kxcosx+_[2k coskxcos x dx
=-2sinkxcos x + 2k cos kxsin x+f2kzsin kxsin x dx

=#[—23in kx cos x + 2k coskxsin x]+c

=k2il[sin kxcos x —k coskxsin x| +c

(using u = 2sinkx,

(using u =2k coskx,

dv .
— =sinXx)
X

dv
— =CO0SX)
dx




7 The curve C has equation

tan'y=xInx* —2x—y, where xeR, x>0.

(i)  Show that (2+ yz)%=2(1+ y2)Inx. [2]
X

(i)  Hence find the coordinates of the stationary point of C. [3]

(iii) By differentiating the result shown in part (i), determine the nature of the stationary point. [3]

(iv) State the equation of the normal to the curve C that is parallel to the y-axis. [1]

Suggested solution

(i) tanty=xInx’-2x—y=2xInx—2x-y

Differentiating w.r.t. x,

! 2y=2x(1j+2mx— _dy
1+y° dx X dx

dy 2 dy 2
=L _(2Inx)a -2
» (2Inx)@+y?) dx(+y)

2+ yz)% =2(1+Yy?)Inx (shown)
X

(i) At the stationary point, g—y =0
X

=2(1+y*)Inx=0
=Inx=0 sincel+y®>0forally
=>x=1

When x=1, tany =(1) In(1)* =2()) -y
tan'y=—2-y=y=-1.15 (3s.f) (by GC)
Coordinates of stationary point: (1,—1.15)

GC Mtd1: Graphical method

HORHAL FLOAT DEC REAL RADIAN MF n [NORMAL FLOAT DEC REAL RADIAN MP n
CALC ZERD [CALC INTERSECT

Yaiztani(Hi+R+z Yas-2-8 L

2 Int i

2257 1ueu? Y=o OR o1 tugur ¥="0.85353




GC Mtd2: Numeric Solver

NORHAL FLOAT DEC REAL RADIAN HP ] HORHAL FLOAT DEC REAL RADIAN MF 7]
ENTER EQUATION E1=E2 SOLUTION IS HARKED *
EQUATION SOLVER
tani(X)=-2-X
El:ltani(X)
m¥=-1.1464698861054
bound={-1e99, 199}
-2-% =E1-E2=0
E2:

ol — BSoLvEl

(iii)  From (i), (2+y )3 =2(1+y?)Inx

. - dy \dy d’y dy 2 2
Differentiating w.r.tx,Zy(OI )dx (2+y )d?zz(zy&)mwr;(“y ) -- (1)

when g—yzo, x=1 (y=-1.146 optional)
X

2(1+ y2)
2 - - -
> ] >0= Minimum point

Q- ‘
>
N

(2+y) 5
d

2
y
7 =2

N
[EnN
+
< (<

2+

¢
(iv) x=1




8 (i)  Using the identity 4cos® @ =3cos@+cos38, show that
4cos® (3" x) _ 3{005(3r X) ) cos(3”1x)}
r r r+l '
(-3) (-3) (-3)

n cos’(3'x) 1 3[003(3”*%)]

(ii)  Hence, show that " ———~ =—=cos3x B
-3

r=1 (_3)r 4 4
P cos(3”+1x)

f(n)~ (=3)" f(n)

(ili) The Squeeze Theorem states that if

[2]

3]

<3 for all positive integers n, and

n+1
Iimizlimizo, then IimM 0 too. By considering the minimum and maximum

M T R

= C0S°
values of the cosine function, use the Squeeze Theorem to explain why z

- 3 3r—1
(iv) Evaluate ZM

=1 (—3)r

(3rx) =—%cos3x. [3]

r=1 (—3)r

[1]

Suggested solution

4c0s°(3'x) _ 3cos(3"x) . cos(3"*x)

3 -3 -3

(i)

_ 3c0s(3"x) . (-3)cos(3"x) _ 3c0s(3x) 3co0s(3""x)
(=3)' (=3)(-3) (-3)' (-3

_ 3{003(3r X) cos(3"x) |

(-3)' 3" |

(shown)

. 0 cos’(3'x) 3¢ [ cos(3 X) cos(3"'x)
O 2Ty iy }

3 {003(3l X) cos(3x)
(-3 “3)°

4
. cos(3x) co;@zf)
A2 (-3
L C0s@ 2 cos(3*X)

/(/3)n—1 (_3)n
, C0S(FX) _ cos(3™* x)}

(_3)n (_3)n+1

4

3 [cos 3x _cos(3"™ x)} 1 3 {cos(3n+1 x)}

— |=——C0s3Xx—— -
-3 (-3)™ 4 4] (3)™

11



(i) —1<cos(3"*x)<1 foralln

Dividing throughout by 3",

_1 n+lX 1
W < Cosgril ) < 3n+l

If n odd, (-3)™* =3"",
n+1
-1 S<:os(3 x)S 1 .
3n+1 (_3)n+1 3n+1

If n even, (-3)""* = (-1)3"",
so multiplying (1) by —1 throughout,
n+l
-1 < cos(3"x) < 1
3n+1 (_3)n+1 3n+1

too.

So for all positive integers n,

n+l
-1 Scos(3 X) < 1 .
3n+l (_3)n+l 3n+1

Since Iim3_n—+1l=Iim3n—1+l=O,
_cos(3"x)
Ilmw =0 by Squeeze Theorem.

So

i—cos:“ B _ lim {—lcos 3x— §(—COS(3H+11X) ﬂ
= G el 4 4\ (9™

1 3
=—-=—co0s3x——(0
2 4( )

=—£c053x
4

(iv)  Substituting x = % :

i cos’(3"z) _ cosz
r=1 (_3)1’ 4
1

12



y="F(x)

B(2,-5)

The diagram above shows the curve of y=f(x) with horizontal asymptote y=-2. The curve crosses the

X-axis at the points (—4, 0)and (—g 0) , and crosses the y-axis at point A with coordinates (0,—%) . The curve

has a turning point at B with coordinates (2,-5). It is given that f'(0) = 3

4

(i) On separate diagrams, showing in each case where appropriate, the coordinates of the points
corresponding to A and B, the x-intercepts, and the equations of the asymptotes, sketch the graphs of
(@ y=f(x), [3]
1
b =—. 4
(b) 'y 00 [4]
(i) By adding a suitable graph to your diagram in part (i)(b), or otherwise, solve the inequality
10 +X+4<0. [3]
f(x)
Suggested solution
()@ y=f'(x)
' A B
2 y=1f'(x)
b=0 0 B'(2,0) P
H0,-4)
x=-2 E

13



(i)(b) y=%

R T

x=—4

x<-4 or —g<x§0

14



10  Functions f and g are defined by

f:x>x3—7x* =5x+11, XxeR, x>k,

g: x> (x+D*+2, xeR.

(i) Letk=1.
(@) Show that f does not have an inverse. [2]
(b)  Determine whether the composite function fg exists. [2]
(ii)  Find the value of k given that ™" exists and that the domain of f ™ is xR, x> —24. [2]
(i) Let k=6.
(@) Show algebraically that f'(x) > 0 for all values of x in the domain of f. [2]
(b)  Solve the equation gf *(x)=83. [3]

Suggested solution

(i)(@ Method 1 (graph)

HORHMAL FLOAT AUTD o+bi RADIAN MP n
CALL ZERD

Y1sHE=7H2-EH+11/0H21)

r
7472136 Y¥=1.1E"11

The line y =0 cutsthe graph of y=f(x) at x=1 and x=7.47 , so f is not one-to-one, so f* does not exist.
[Note: The coordinates of the minimum point are (5,—64). So any line y=c, —64 <c <0 would work.]

Method 2 (algebraic)

Solving f(x) =0 givesus x=1 and x=7.47, so f is not one-to-one, so f* does not exist.

(i)(b) Minimum point of y=g(x) is (-1,2) so R, =[2,).

Since D; =[1,x), R, < D; . So fg exists.

(i) D. =[—24,oo) =R,.
From G.C, solving f(x) =—24 gives.x=2.24or 7.
However, when k =2.24, fis not 1-1.

(Furthermore, domain is not [-24,0) when k =2.24.)

Sok=7.

15



(iii)(@)Method 1 (inequality)

f'(x) =3x" —14x-5=(3x+1)(x-5)

When x>6, both 3x+1>0 and x-5>0.So f'(x)>0.

Method 2 (complete the square)

7)2 64
3

f'(x):?{x—g

2
X>6= f’(x)23(6—9 —6—;=19>0 (shown)

(iii)(b)Let f*(x)=y.So g(f*(x))=0g(y)=83.
= (y+1)* +2=83
—y=8 or —10(rej " y>6)
=f7(x)=8

— x=f(8)=35.

16



11

(i)

(i)

(iii)

On 1 January 2020, Ms Eu took a study loan of $20,000 from BOPS bank to fund her part-time studies.
Based on the loan agreement, Ms Eu will make a yearly repayment of $x on 30 December of each year,
starting from 30 December 2020. Furthermore, an interest rate of 4% per year is applied on the amount
outstanding as at 31 December of each year, starting from 31 December 2020.

(@  Show that the amount outstanding at the end of the n'" year is
1.04" (20000) — kx(1.04" 1),
where k is a constant to be determined. [3]
(b)  Determine the value of x if Ms Eu intends to repay the loan fully at the end of 2024. [3]

While embarking on her part-time studies, Ms Eu started a new job and received her first salary of
$3,300 on 1 July 2020. She saved $1,600 from her first pay and deposited it into an account that paid no
interest. Ms Eu intends to increase the amount saved from her salary by $50 per month, until her account
balance exceeds $35,000. She will then transfer the full amount in this account into a fixed deposit in
BOPS Bank immediately. She will keep the money for 12 months in the fixed deposit which earns a
simple interest of 1.5% per year.

(@  Find the month and year in which Ms Eu will withdraw the fixed deposit. [3]
(b)  Determine the value of the fixed deposit that Ms Eu will withdraw. [1]
After withdrawing the fixed deposit, Ms Eu has two options:

Option 1:  Deposit $30,000 in a fixed deposit that earns a simple interest of 1.5%
per year.

Option 2:  Invest $30,000 in a fund that will yield a compound interest of 1.2%
per year.

Showing your working clearly, explain which option would be more suitable for Ms Eu if she wants to
grow the value of this $30,000 in the long term. [2]

Suggested solution

()(a)
Year | Amount outstanding on 31 Dec
1 1.04(20000 — x) =1.04(20000) —1.04x
2 1.04?(20000) —1.04% x —1.04x
3 1.04°(20000) —1.04° x —1.04° x —1.04x
n 1.04"(20000) —1.04" x —1.04"* x —... —1.04x

Amount outstanding at the end of the n™ year
=1.04"(20000) —1.04" x —1.04" " x —...—1.04x

=1.04" (20000) —

=1.04"(20000) — 26x(1.04" -1)

1.o4x(1.o4n —1)
1.04-1

17



(i)(b) From year 2020 to 2024, we have n=5

1.04°(20000) — 26x(1.04° —1) =0

~1.04°(20000)

X= m = 431975

(ii)(a) 2(2(1600) +50(n—1)) > 35000

Using GC,
NORHAL FLOAT DEC REAL RADIAN MP n
PRESS + FOR aTb]1
X Y1 Y2
1y 26950 | 35000
15 29250 | 35000

_tg g::g; _gg‘g.g—" List these 3 rows to
36450 [ 35000 demo GC method

19 38950 | 35000 : :
o esee— 35000 || IR your working
21 44100 | 35000

22 46750 | 35000

23 4y945e | 35000

24 52200 | 35000

X=18
i.e. n>18

Ms Eu will transfer her savings in December 2021 and withdraw the fixed deposit in December 2022.

Explanatory notes:

It takes 18 months for the savings to reach $36450 (to exceed $35000).

Ms Eu started her savings account (that pays no interest) in July 2020 and kept up her monthly deposits for
18 months; she would have exceeded $35000 in Dec 2021.

As given, Ms Eu immediately transferred the full amount into a fixed deposit. That is, the fixed deposit of
$36450 started in Dec 2021.

Since the fixed deposit is for 12 months, Ms Eu will withdraw from this account in Dec 2022.

(ii)(b) Amount placed in fixed deposit = $36450

Amount available to withdraw =$36450x1.015 =$36996.75

(iii) Let n be the number of years

Value of fixed deposit in the long run

= 30000 +n [% X SOOOO} =30000 + 450n

Value of money in the fund in the long run = (1.012)n 30000

18



A
value (1.012)30000
30000 + 450n
30000
» 1

As shown in the graph, in the long term, the value of money in the fund will be greater than the value of the
fixed deposit. Ms Eu should choose option 2.

Alternatively,
For (1.012)" 30000 > 30000+ 450n when n>37.05
Since it takes at least 38 years for the amount in Option 2 to catch up to Option 1, which is quite long, Ms

Eu might find Option 1 more suitable as it will offer her more flexibility in how she can grow the $30,000 in
the long term.

19



12

Stereophotogrammetry is a method of determining coordinates of points in the three-dimensional (3-D)
replication of physical scenes. It relies on using multiple images taken by digital cameras from different
positions.

In a simplistic model for this process, the camera sensors are represented by planes with finite size. A ray of
sight for a particular point in the physical scene is defined as the line passing through its image point on the
camera sensor and the focal point of the camera. The 3-D coordinates of a particular point is the intersection
of the rays of sight from the different cameras.

For a particular set up, Camera 1 has focal point, F, at (20, 5, 10) and Camera 2 has focal point, F, at
(—20,5,10) . The image point of a point A, the highest tip of a flag pole, on Camera 1 is Al(%l 0, ?j and

the image point of A on Camera 2 is A, [—6—37 0, Ej .

3

(i) Find the vector equations of I, and I, , the rays of sight for point A from the Cameras 1 and 2
respectively, and hence find the coordinates of point A. [4]

The base of the flag pole is known to be on the plane P that contains the point D(75, 90, —50) and the line L

23 -1
with equation r=| 90 |+s| 6 [,seR.
—-46 1
1
(i)  Show that the vector equation of the plane P is r-| -2 |=-755. [3]
13

The flag pole was erected perpendicular to the base plane P.
(iii)  Find the coordinates of the point B, the base of the flag pole. [3]
(iv)  Hence or otherwise, find the length of the flag pole. [2]

(v)  Given that the horizontal plane in this model is the x-y plane, find the angle of incline for the plane P
from the horizontal plane. [2]

20



Suggested solution

20\ (%% -1
0

() AF=|5 |- _1115] and

10 2% 3 2

20y [-97%) (7
0

AF,=| 5 |- :% 15
10 28 2
%
20 -1
lL:r=| 5 |+1/15|,4€eR,and
10 2
-20 7
L:r=| 5 |+u|15,ueR
10 2
Equating,
20 -1 -20 7
5 |+4/15|=| 5 |+u|15
10 2 10 2
40=A+Tu
= A=p =A=pu=5
A=u

Hence A(15, 80, 20)

75 23
(i)  Another direction vector paralleltoPis =| 90 |—| 90 |=
-50 —46
13) (-1 6 1
n=| 0 |x| 6 |=|-12|=6| -2
-1 1 78 13
23 1
r-n=| 90 -2 |=-755
-46 ) | 13
1
= P:r-|-2|=-755
13

21



15 1 15+t

(iii) lg:r=|80|+t|—2|,teR, henceOB=| 80-2t | forsome teR .

20 13 20+13t

1 15+t 1
OB-|-2|=| 80-2t |-| -2 |=-755
13) (20+13t) (13

15+t -160+ 4t + 260 + 169t = —755

=t=-5
15-5 10
-~ OB=|80+10 [=| 90 |,
20-65) | -45

i.e. coordinates of B are (10,90,—45)

10) (15) (-5
(ivy AB=| 90 |-|80|=| 10
—45) (20) |-65

Height = ‘ﬁ‘
= J(-5)" +(10)° +(-65)
=4/4350
— 65.9545 ~ 66.0 units (3s.f.)
(V)
1 0
6 =cos™ 1 -21-/0
174 13111
—cos |2
J174

=9.75967° ~9.8° (1 d.p.)

22



