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which is a quadratic equation with real coefficients. 
Discriminant 0 as every value of y corresponds to real value(s) of x.
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From sketch, 2 2 3x  or 1 2 3x
__________________________________________________

Replace x in 
2

2

2 3 1 1
4 1

x x
x x

 by x , we get
2

2

2 3 1
1

4 1

x x

x x
which simplifies to 

2 3 1 1
4 1

x x
x x

 . 

Hence, 2 2 3x     or    1 2 3x .

But 1 2 3x has no solution for x as 0x .

2 2 3 3 2 2x x

Since 0x , 0 2 0 4x x

3 (i) smallest possible k = 1
(if k is anything less than 1, f will no longer be one-one)

(ii) Line to reflect in: y x
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(iii) As there are no points of intersection between the graphs of f and 1f ,  the number of solutions
to 1f = fx x is zero.

(iv)  f
1,
4

R , h ,0D

Since fR hD , hf exist. 

hff

h1
4( , ] ( , 2]

RR

hf ( , 2]R

4 (a) 
2
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1 2 d 1  d
1 1

x x xx x
x x x x
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2 1 11 d
1 1

x x
x x x x

22

2 1 11 d
1 1 3

2 4

x x
x x

x

2 1

1
2 2ln 1 tan
3 3

2

x
x x x c

2 12 2 1ln 1 tan
3 3

xx x x c

(b) d2cos 2sin
d

xx u u
u

When 0,  
2

x u ; When 1,  
3

x u

1 2
0

4 dx x 23

2

4 4cos 2sin du u u
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3

4sin du u

y = 3 

x = 3 y = x 
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2 1 cos 2 du u

2

3

sin 22
2

uu

32
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5 (i) For equation of tangent, 10 1
1

y x

1y x

(ii)

Area of region P
0

1

1 d base height
2

x y

0

1

0

1

1e  d 1 1
2

1e
2

y

y

y

1 1 0.132 (3 s.f.)
2 e

 

(iii)  

Volume generated = 
6 22

1

1 (5) (6 1) ln d
3

x x  

6 62

11

125 ln 2ln  d
3

x x x x

6 662

1 11

125 ln 2 ln 2 d
3

x x x x x

62

1

125 ln 2 ln 2
3

x x x x x

2125 6 ln 6 12ln 6 12 2
3

95 6 ln 6 ln 6 2
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6
(i) By similar triangles,

2 2

3
( 3) 3

r
h h

2

3
6

hr
h h

(ii)    
2 2

2

2

1 3 3
3 3 66

h hV r h h
hh h

2

2
d ( 6)(6 ) 3
d 6
V h h h
h h

2
d 3 ( 12)
d 6
V h h
h h

Consider d 0 3 ( 12) 0
d
V h h
h

Since 0 , 12V h

3 (144)When 12,  volume 72
12 6

h V

To prove minimum,  
22

42

( 6) 3 (2 12) 2( 6) 3 ( 12)d
d 6

h h h h hV
h h

When  12h ,
2 2

42

d (12 6) 3 (24 12) 0 0
d 12 6

V
h

.   Hence volume is minimum, min 72V .

Alternatively, using GC, 
2

2

d 3.14 0
d

V
h

when  12h .  Hence volume is minimum, min 72V .

Alternatively, using first derivative 

12h 12h 12h

2
d 3 ( 12)
d 6
V h h
h h

d ( )( ) 0
d
V
h 0

d ( )( ) 0
d
V
h

slope 

min 72V .

7 (i) d cos sin
d

t tx e t e t
t

; d cos sin
d

t ty e t e t
t

d d d (cos sin ) cos sin
d d d (cos sin ) cos sin

t

t

y y x e t t t t
x t t e t t t t

(ii) Normal parallel to y-axis = Tangent parallel to x-axis
d 0 cos sin 0
d 4
y t t t
x

 or 0.785398t

Equation of Normal is  42
2

x e   or  0.3223969 0.322x

3 

h-3

3

y, g , 2dddddddddh
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(iii) At point N, 42cos
2

te t e

By using GC, draw   y1= 42cos
2

te t e 1.4987t

Hence (0.322, 4.464258813)N (0.322, 4.464) to 3 d.p.N

(iv) (0.322, 0.322)P

Area  1 (0.322)(0.322 4.464) 0.770546 0.771
2

OPN

Note:  if 5 d.p. is used in working, (0.322, 4.464) to 3 d.p.N
Area ~ 0.772 to 3 d.p. 

if more d.p. used in working, same answers as using 5 d.p.
8

(i) Given:     
1
2 24

4
r ,

0 8 0
0 0 8
6 8 10

OP OQ OR

1 0 1
2 0 2 24

4 6 4
OP RHS

1 8 1
2 0 2 8 32 24

4 8 4

1 0 1
2 8 2 16 40 24

4 10 4

OQ RHS

OR RHS

Thus plane passes through P, Q and R.

(ii) Let  be the angle between the plane PQR and the horizontal.
1 0
2 0

4 1 4cos
21 21

o

Plane PQR:
1
2 24

4
r

Let the foot of perpendicular from point A to plane PQR be F.

8 1
: 0 2

0 4
AFl r . At F,

8 1
2 2 24

4 4

328 4 16 24 21 32
21

136
1 64
21

128
OF

(iii) By Ratio Theorem, ' ' 2
2

OA OAOF OA OF OA

4

1 0111111111
2222 02222 0000000000002 0222 02222222222222222
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Thus, 
136 8 13

2 8' 2 64 0 16
21 21

128 0 32
OA OF

(iv) Distance between point N and the plane PQR = 12

1
1 249 2 12
21 210 4

18 24 12 21 42 12 21

42 5 21 12.990 13.0 since 0

9 (i) ( )
2 3 2 3( )
5 2 5 2

3 2 3( ) ( )
2 5 2
3 3 2(1 )
2 2 5

a a b a

b a b a

  a b a a b a

             a+ b a b

OX OA AX AB

OX OC CX CD

OX

Since a and b are non-zero and non-parallel vectors,
3 3 2 2 51
2 2 5 11 11

  &      ,   

2 ( )
11

a b aOX
9 2

11 11
a b  (shown)  

(ii) 2
5

b aAD ; 2
11

b aAX

Area of triangle ADX =
1 1 2 2
2 2 5 11

b a b aAD AX

1 2
11 5

b a b a

1 2
11 5

b a a b (since 0 and 0a a   b b ) 

1 2
11 5

a b a b

3
55

a b

2
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10

(a) 

(b) 3 2 32
3

y ax bx cx

At 1,1 , 32 1
3

a b c 29
3

a b c ---------------------(1)

2d 3 2
d
y ax bx c
x

d 0
d
y
x

at 2x 12 4 0a b c --------------------------(2) 

Undergoing transformation, the resultant equation will be 
3 2 328 4 2

3
y ax bx cx

Sub 2, 16 , 3264 16 4 16
3

a b c

1664 16 4
3

a b c ---------------------(3) 

Solving,  1
3

a , 2b , 12c

Alternatively,
the point 2, 16 before transformation was at 4,16

32 1664 16 4 16 64 16 4
3 3

a b c a b c

11

(ii) A translation of magnitude a units in the positive direction of the x-axis.

y

x (-3,0) (2,0) 

x=0 x=3

y 

x 

(0,a-b) 

(a-b,0) (a+b,0)(
a 

-b
( a , -b) 

(a,-2b) 

(2a,-b) 

(0,( a-b 

  

( a , -b 

, 11111111
3333333333333

aaaaaaaaaaa , 222222222222222bbbbbbbbbbbbbbb , 1212121212212121222221122122221c
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A translation of magnitude b units in the negative direction of the y-axis.

(iii) Observe 
2 2

22
2 2 1

x a y bby b a x a
a a b

Thus 22by b a x a
a

is the top half of the ellipse, and is in the 4th quadrant. 

Hence 22 0by b a x a
a

for 0 2x a .

For 22 0bx a b b a x a
a

,

0y x a b for 0 1x  or 5 2x a .

With the help of the diagram, 1a b    and    5a b .

solving :     3, 2a b
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