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‘A’ LEVEL H2 MATHS 2012 – PAPER 1 
Question 1 

[ Ans: $7.65, $9.85, $8.52 ] 
Let 𝑋𝑋 be the cost of a ticket for customer under 16 years old. 
Let 𝑌𝑌 be the cost of a ticket for customer between 16  and 65 years old. 
Let 𝑍𝑍 be the cost of a ticket for customer over 65 years old. 
 
9𝑋𝑋 + 6𝑌𝑌 + 4𝑍𝑍 = 162.03 
7𝑋𝑋 + 5𝑌𝑌 + 3𝑍𝑍 = 128.36 
10𝑋𝑋 + 4𝑌𝑌 + 5𝑍𝑍 = 158.50 
 
From GC, 

 
𝑋𝑋 = $7.65 
𝑌𝑌 = $9.85 
𝑍𝑍 = $8.52 

 
Question 2 

[ Ans: (i) ( ) Cx ++ 41ln
4
1  (ii) Cx +− 21tan

2
1  (iii) 0.186 ] 

(i) dx
x

x
∫ + 4

3

1
 

=
1
4
�

4𝑥𝑥3

1 + 𝑥𝑥4
𝑑𝑑𝑑𝑑 

=
1
4

ln(1 + 𝑥𝑥4) + 𝐶𝐶 
 

(ii) 𝑢𝑢 = 𝑥𝑥2 

2𝑥𝑥
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 1 ⇒
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
1

2𝑥𝑥
 

 

�
𝑥𝑥

1 + 𝑥𝑥4
𝑑𝑑𝑑𝑑 = �

𝑥𝑥
1 + 𝑢𝑢2

�
1

2𝑥𝑥
�𝑑𝑑𝑑𝑑 

=
1
2
�

1
1 + 𝑢𝑢2

𝑑𝑑𝑑𝑑 

=
1
2

tan−1 𝑢𝑢 + 𝐶𝐶 

=
1
2

tan−1 𝑥𝑥2 + 𝐶𝐶 
 

(iii) From GC, 

 

� �
𝑥𝑥

1 + 𝑥𝑥4
�
21

0
𝑑𝑑𝑑𝑑 ≈ 0.186 
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Question 3 

[ Ans: (i) 
6
5 , 

4
1  (ii) 

3
1

−  (iii) prove ] 

(i) 𝑢𝑢1 = 2 

𝑢𝑢2 =
3𝑢𝑢1 − 1

6
=

3(2) − 1
6

=
5
6
 

𝑢𝑢3 =
3𝑢𝑢2 − 1

6
=

3 �5
6� − 1

6
=

1
4
 

 
(ii) As 𝑛𝑛 → ∞, 

𝑢𝑢𝑛𝑛 → 𝑙𝑙 
𝑢𝑢𝑛𝑛+1 → 𝑙𝑙 

∴ 𝑙𝑙 =
3𝑙𝑙 − 1

6
⇒

1
2
𝑙𝑙 = −

1
6
 

𝑙𝑙 = −
1
3
 

 

(iii) Let 𝑃𝑃𝑛𝑛: 
3
1

2
1

3
14

−





=

n

nu , 𝑛𝑛 ∈ ℤ+ 

𝑃𝑃1: 𝐿𝐿𝐿𝐿𝐿𝐿 = 𝑢𝑢1 = 2 

𝑅𝑅𝑅𝑅𝑅𝑅 =
14
3
�

1
2
�
1
−

1
3

= 2 = 𝐿𝐿𝐿𝐿𝐿𝐿 
∴ 𝑃𝑃1 is true. 
 

Assume 𝑃𝑃𝑘𝑘 is true for some 𝑘𝑘 ∈ ℤ+. i.e. 
3
1

2
1

3
14

−





=

k

ku . 

[ Aim: To prove 𝑃𝑃𝑘𝑘+1 is true. i.e. 
3
1

2
1

3
14 1

1 −





=

+

+

k

ku ] 

𝑢𝑢𝑘𝑘+1 =
3𝑢𝑢𝑘𝑘 − 1

6
 

=
3 �14

3 �1
2�

𝑘𝑘
− 1

3� − 1

6
 

=
14
3 (3) �1

2�
𝑘𝑘
− 2

6
 

=
14
3
�

1
2
� �

1
2
�
𝑘𝑘
−

1
3

 

=
14
3
�

1
2
�
𝑘𝑘+1

−
1
3
 

 
∴ 𝑃𝑃𝑘𝑘+1 is true if 𝑃𝑃𝑘𝑘 is true. 
Since 𝑃𝑃1 is true, ∴ by mathematical induction, 𝑃𝑃𝑛𝑛 is true for 𝑛𝑛 ∈ ℤ+. 
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Question 4 

[ Ans: (i) show (ii) show, 𝑎𝑎 = 1, 
2
3

=b  ] 

(i) ∠𝐴𝐴𝐴𝐴𝐴𝐴 

= 𝜋𝜋 −
3
4
𝜋𝜋 − 𝜃𝜃 =

1
4
𝜋𝜋 − 𝜃𝜃 

 
By Sine Rule, 

𝐴𝐴𝐴𝐴

sin 3
4𝜋𝜋

=
𝐴𝐴𝐴𝐴

sin �1
4𝜋𝜋 − 𝜃𝜃�

 

𝐴𝐴𝐴𝐴
1
√2

=
1

sin 1
4𝜋𝜋 cos𝜃𝜃 − cos 1

4𝜋𝜋 sin𝜃𝜃
 

𝐴𝐴𝐴𝐴 = �
1
√2
�

1
1
√2

cos𝜃𝜃 − 1
√2

sin𝜃𝜃
 

𝐴𝐴𝐴𝐴 =
1

cos𝜃𝜃 − sin𝜃𝜃
 

(shown) 
 

(ii) For small 𝜃𝜃, 

𝐴𝐴𝐴𝐴 ≈
1

1 − 1
2𝜃𝜃

2 − 𝜃𝜃
 

≈ �1 + �−𝜃𝜃 −
1
2
𝜃𝜃2��

−1
 

≈ 1 + (−1) �−𝜃𝜃 −
1
2
𝜃𝜃2� +

(−1)(−2)
2!

�−𝜃𝜃 −
1
2
𝜃𝜃2�

2
 

≈ 1 + 𝜃𝜃 +
1
2
𝜃𝜃2 + 𝜃𝜃2 

≈ 1 + 𝜃𝜃 +
3
2
𝜃𝜃2 

 

𝑎𝑎 = 1, 𝑏𝑏 =
3
2
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Question 5 

[ Ans: (i) 6 (ii) 𝐶𝐶(5, 7, 1) or 







3
5,

3
19,

3
17C  ] 

𝒂𝒂 = �
1
−1
1
� , 𝒃𝒃 = �

1
2
0
� , 𝒄𝒄 = �

𝜆𝜆 + 𝜇𝜇
−𝜆𝜆 + 2𝜇𝜇

𝜆𝜆
� , 𝜆𝜆 > 0, 𝜇𝜇 > 0 

 
(i) Area of triangle = √126 

1
2

|𝑎𝑎 × 𝑐𝑐| = √126 

��
1
−1
1
�× �

𝜆𝜆 + 𝜇𝜇
−𝜆𝜆 + 2𝜇𝜇

𝜆𝜆
�� = 2√126 

��
−2𝜇𝜇
𝜇𝜇

3𝜇𝜇
�� = 2√126 

𝜇𝜇 ��
−2
1
3
�� = 2√126 

𝜇𝜇√14 = 2√126 ⇒ 𝜇𝜇 = 6 
 

(ii) 𝒄𝒄 = �
𝜆𝜆 + 4
−𝜆𝜆 + 8

𝜆𝜆
� 

��
𝜆𝜆 + 4
−𝜆𝜆 + 8
𝜆𝜆

�� = 5√3 

�(𝜆𝜆 + 4)2 + (−𝜆𝜆 + 8)2 + 𝜆𝜆2 = 5√3 
𝜆𝜆2 + 8𝜆𝜆 + 16 + 𝜆𝜆2 − 16𝜆𝜆 + 64 + 𝜆𝜆2 = 75 
3𝜆𝜆2 − 8𝜆𝜆 + 5 = 0 
(3𝜆𝜆 − 5)(𝜆𝜆 − 1) = 0 

𝜆𝜆 = 1 or 
3
5  

 
When 𝜆𝜆 = 1, 

𝒄𝒄 = �
1 + 4
−1 + 8

1
� = �

5
7
1
� 

∴ 𝐶𝐶(5, 7, 1) 
 

When 
3
5

=λ , 

𝒄𝒄 =

⎝

⎜
⎛

5
3� + 4

−5
3� + 8

5
3� ⎠

⎟
⎞

=

⎝

⎜
⎛

17
3�

19
3�

5
3� ⎠

⎟
⎞

 

∴ 𝐶𝐶 �
17
3

,
19
3

,
5
3
� 
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Question 6 

[ Ans: (i) (1 − 3𝑐𝑐2) + 𝑖𝑖(3𝑐𝑐 − 𝑐𝑐3) (ii) 𝑧𝑧 = 1 ± 𝑖𝑖√3 (iii) 10; 1024, 
3

2π  ] 

(i) 𝑧𝑧3 
= (1 + 𝑖𝑖𝑖𝑖)3 
= 1 + 3(𝑖𝑖𝑖𝑖) + 3(𝑖𝑖𝑖𝑖)2 + (𝑖𝑖𝑖𝑖)3 
= 1 + 3𝑖𝑖𝑖𝑖 − 3𝑐𝑐2 − 𝑖𝑖𝑐𝑐3 
= (1 − 3𝑐𝑐2) + 𝑖𝑖(3𝑐𝑐 − 𝑐𝑐3) 
 

(ii) If 𝑧𝑧3 is real, 
3𝑐𝑐 − 𝑐𝑐3 = 0 
𝑐𝑐(3 − 𝑐𝑐2) = 0 
𝑐𝑐 = 0 (NA) or 𝑐𝑐 = ±√3 
∴ 𝑧𝑧 = 1 − 𝑖𝑖√3 or 𝑧𝑧 = 1 + 𝑖𝑖√3 
 

(iii) Let 𝑧𝑧 = 1 − 𝑖𝑖√3 = 2𝑒𝑒−𝑖𝑖
𝜋𝜋
3 

|𝑧𝑧𝑛𝑛| > 1000 
2𝑛𝑛 > 1000 

𝑛𝑛 >
ln 1000

ln 2
⇒ 𝑛𝑛 > 9.9658 

∴ smallest positive integer of 𝑛𝑛 = 10. 
 
|𝑧𝑧𝑛𝑛| = |𝑧𝑧10| = 210 = 1024 
 
arg 𝑧𝑧𝑛𝑛 = arg 𝑧𝑧10 

= 10 �−
𝜋𝜋
3
� 

= −
10𝜋𝜋

3
 

= −
10𝜋𝜋

3
+ 4𝜋𝜋 =

2𝜋𝜋
3
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Question 7 
[ Ans: (i) show (ii) sketch (iii) 𝑦𝑦 = 𝑥𝑥; describe ] 

(i) 𝑅𝑅𝑔𝑔 = (−∞, 1) ∪ (1,∞) 

Let 
1−

+
=

x
kxy  

𝑥𝑥𝑥𝑥 − 𝑦𝑦 = 𝑥𝑥 + 𝑘𝑘 
𝑥𝑥𝑥𝑥 − 𝑥𝑥 = 𝑦𝑦 + 𝑘𝑘 

𝑥𝑥 =
𝑦𝑦 + 𝑘𝑘
𝑦𝑦 − 1

 

∴ 𝑔𝑔−1(𝑥𝑥) =
𝑥𝑥 + 𝑘𝑘
𝑥𝑥 − 1

, 𝑥𝑥 ∈ ℝ,𝑥𝑥 ≠ 1 
Since 𝑔𝑔(𝑥𝑥) = 𝑔𝑔−1(𝑥𝑥), ∴ 𝑔𝑔 is self-inverse. 
 

(ii)    
 
 
 
 
 
 
 
 
 
 

(iii) Equation of symmetry: 
𝑦𝑦 = 𝑥𝑥 

 

Let ( )
x

xf 1
=  

 

𝑔𝑔(𝑥𝑥) =
𝑥𝑥 + 𝑘𝑘
𝑥𝑥 − 1

= 1 +
𝑘𝑘 + 1
𝑥𝑥 − 1

= 1 + (𝑘𝑘 + 1)𝑓𝑓(𝑥𝑥 − 1) 
 
Transformations: 
(1) Translate 1 unit in the positive 𝑥𝑥-direction. 
(2) Scale by a factor of (𝑘𝑘 + 1) parallel to the 𝑦𝑦-axis. 
(3) Translate 1 unit in the positive 𝑦𝑦-direction. 

 
  

𝑦𝑦 

𝑥𝑥 

𝑥𝑥 = 1 

𝑦𝑦 = 1 

(0,−𝑘𝑘) 

(−𝑘𝑘, 0) 

𝑦𝑦 = 𝑔𝑔(𝑥𝑥)  



Mathematics (Higher 2) 9740/01 

www.achevas.com  ‘A’ Level H2 Maths 2012 – Paper 1 Page 7 of 12 

Question 8 
[ Ans: (i) show (ii) show (iii) maximum ] 

(i) 𝑥𝑥 − 𝑦𝑦 = (𝑥𝑥 + 𝑦𝑦)2 

1 −
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 2(𝑥𝑥 + 𝑦𝑦) �1 +
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� 

1 −
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 2(𝑥𝑥 + 𝑦𝑦) + 2(𝑥𝑥 + 𝑦𝑦)
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 

2(𝑥𝑥 + 𝑦𝑦)
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 1 − 2(𝑥𝑥 + 𝑦𝑦) 

(2𝑥𝑥 + 2𝑦𝑦 + 1)
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 1 − 2(𝑥𝑥 + 𝑦𝑦) 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
1 − (2𝑥𝑥 + 2𝑦𝑦)
2𝑥𝑥 + 2𝑦𝑦 + 1

 

1 +
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 1 +
1 − (2𝑥𝑥 + 2𝑦𝑦)
2𝑥𝑥 + 2𝑦𝑦 + 1

 

1 +
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
2𝑥𝑥 + 2𝑦𝑦 + 1 + 1 − (2𝑥𝑥 + 2𝑦𝑦)

2𝑥𝑥 + 2𝑦𝑦 + 1
 

1 +
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
2

2𝑥𝑥 + 2𝑦𝑦 + 1
 

(shown) 
 

(ii) ( ) 112221 −++=+ yx
dx
dy

 

𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

= 2(−1)(2𝑥𝑥 + 2𝑦𝑦 + 1)−2 �2 + 2
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� 

𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

= −�
2

2𝑥𝑥 + 2𝑦𝑦 + 1
�
2
�1 +

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� 

𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

= −�1 +
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
2

�1 +
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
� 

𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

= −�1 +
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
�
3

 
(shown) 

 

(iii) Let 0=
dx
dy

 

𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2

= −(1 + 0)3 = −1 < 0 
∴ the turning point is a maximum. 
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Question 9 

[ Ans: (i) 𝒓𝒓 = �
7
8
9
� + 𝜆𝜆 �

1
2
1
� or 𝒓𝒓 = �

−1
−8
1
�+ 𝜆𝜆 �

1
2
1
� (ii) �

5
4
7
�; 1: 3 (iii) 9

4
87 −=
−

=− zyx  ] 

(i) 𝐴𝐴𝐴𝐴 = �
−1
−8
1
� − �

7
8
9
� = �

−8
−16
−8

� = −8�
1
2
1
� 

𝑙𝑙𝐴𝐴𝐴𝐴: 𝒓𝒓 = �
7
8
9
� + 𝜆𝜆 �

1
2
1
� 

 

(ii) Let 𝑂𝑂𝑂𝑂������⃗ = �
7 + 𝜆𝜆

8 + 2𝜆𝜆
9 + 𝜆𝜆

� 

𝐶𝐶𝐶𝐶�����⃗ = �
7 + 𝜆𝜆

8 + 2𝜆𝜆
9 + 𝜆𝜆

� − �
1
8
3
� = �

6 + 𝜆𝜆
2𝜆𝜆

6 + 𝜆𝜆
� 

𝐶𝐶𝐶𝐶�����⃗ ∙ �
1
2
1
� = 0 

⇒ �
6 + 𝜆𝜆

2𝜆𝜆
6 + 𝜆𝜆

� ∙ �
1
2
1
� = 0 

6𝜆𝜆 + 12 = 0 
𝜆𝜆 = −2 

∴ 𝑂𝑂𝑂𝑂������⃗ = �
7 − 2
8 − 4
9 − 2

� = �
5
4
7
� 

 

𝐴𝐴𝐴𝐴������⃗ = �
5
4
7
� − �

7
8
9
� = �

−2
−4
−2

� = −2�
1
2
1
� 

𝐵𝐵𝐵𝐵������⃗ = �
5
4
7
� − �

−1
−8
1
� = �

6
12
6
� = 6�

1
2
1
� 

∴ 𝐴𝐴𝐴𝐴:𝑁𝑁𝑁𝑁 = 2: 6 = 1: 3 
 

(iii) Let the reflected point of 𝐶𝐶 about 𝐴𝐴𝐴𝐴 be 𝐶𝐶′. 

𝑂𝑂𝑂𝑂������⃗ =
𝑂𝑂𝑂𝑂�����⃗ + 𝑂𝑂𝐶𝐶′�������⃗

2
 

𝑂𝑂𝐶𝐶′�������⃗ = 2𝑂𝑂𝑂𝑂������⃗ − 𝑂𝑂𝑂𝑂�����⃗  

= 2�
5
4
7
� − �

1
8
3
� = �

9
0

11
� 

𝐴𝐴𝐶𝐶′�������⃗ = �
9
0

11
� − �

7
8
9
� = �

2
−8
2
� = 2�

1
−4
1
� 

∴ 𝑙𝑙𝐴𝐴𝐶𝐶′:𝒓𝒓 = �
7
8
9
� + 𝜇𝜇 �

1
−4
1
� 

𝑙𝑙𝐴𝐴𝐶𝐶′: 𝑥𝑥 − 7 =
8 − 𝑦𝑦

4
= 𝑧𝑧 − 9 
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Question 10 

[ Ans: (i) 3
5
3
π
kr = , 33

2

5
3

3
2

3
5

π
π

π
k

k
kh −






=  (ii) show; 𝑟𝑟 = 3.04, ℎ = 4.88 ] 

(i) Volume = 𝑘𝑘 
2
3
𝜋𝜋𝑟𝑟3 + 𝜋𝜋𝑟𝑟2ℎ = 𝑘𝑘 

ℎ =
𝑘𝑘 − 2

3𝜋𝜋𝑟𝑟
3

𝜋𝜋𝑟𝑟2
=

𝑘𝑘
𝜋𝜋𝑟𝑟2

−
2
3
𝑟𝑟 

 
Surface area, 𝐴𝐴 

= 2𝜋𝜋𝑟𝑟2 + 2𝜋𝜋𝜋𝜋ℎ + 𝜋𝜋𝑟𝑟2 = 3𝜋𝜋𝑟𝑟2 + 2𝜋𝜋𝜋𝜋 �
𝑘𝑘
𝜋𝜋𝑟𝑟2

−
2
3
𝑟𝑟� 

= 3𝜋𝜋𝑟𝑟2 +
2𝑘𝑘
𝑟𝑟
−

4
3
𝜋𝜋𝑟𝑟2 =

5
3
𝜋𝜋𝑟𝑟2 +

2𝑘𝑘
𝑟𝑟

 
 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
10
3
𝜋𝜋𝜋𝜋 −

2𝑘𝑘
𝑟𝑟2

 

Let 0=
dr
dA

 

10
3
𝜋𝜋𝜋𝜋 −

2𝑘𝑘
𝑟𝑟2

= 0 ⇒
10
3
𝜋𝜋𝑟𝑟3 = 2𝑘𝑘 ⇒ 𝑟𝑟 = �3𝑘𝑘

5𝜋𝜋
3

 

 
𝑑𝑑2𝐴𝐴
𝑑𝑑𝑟𝑟2

=
10
3
𝜋𝜋 +

4𝑘𝑘
𝑟𝑟3

 

Since 0
5
3

3 >=
π
kr , 

∴
𝑑𝑑2𝐴𝐴
𝑑𝑑𝑟𝑟2

> 0 
⇒ Surface area is minimum. 
 

∴  𝑟𝑟 = �3𝑘𝑘
5𝜋𝜋

3
 

and 

ℎ =
𝑘𝑘

𝜋𝜋 ��3𝑘𝑘
5𝜋𝜋

3
�
2 −

2
3
�3𝑘𝑘

5𝜋𝜋
3

 

=
𝑘𝑘
𝜋𝜋
��

5𝜋𝜋
3𝑘𝑘
�
23

−
2
3
�3𝑘𝑘

5𝜋𝜋
3
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(ii) Volume = 𝑘𝑘 = 200 

 
Surface area = 180 
5
3
𝜋𝜋𝑟𝑟2 +

2(200)
𝑟𝑟

= 180 
5
3
𝜋𝜋𝑟𝑟3 − 180𝑟𝑟 + 400 = 0 

From GC, 
𝑟𝑟 = −6.7587 (NA), or 𝑟𝑟 = 3.7215, or 𝑟𝑟 = 3.0372 

 
∴ There are two values of 𝑟𝑟. (shown) 
 
For 𝑟𝑟 = 3.7215, 

ℎ =
200

𝜋𝜋(3.7215)2 −
2
3

(3.7215) 

= 2.1156 
 
For 𝑟𝑟 = 3.0372, 

ℎ =
200

𝜋𝜋(3.0372)2 −
2
3

(3.0372) 

= 4.8765 
 
Since 𝑟𝑟 < ℎ, 

𝑟𝑟 = 3.04 
ℎ = 4.88 
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Question 11 
[ Ans: (i) show; tangents are vertical (ii) sketch (iii) 3𝜋𝜋 (iv) show ] 

(i) θ
θ

cos1−=
d
dx

 ; θ
θ

sin=
d
dy

 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
sin𝜃𝜃

1 − cos𝜃𝜃
=

2 sin𝜃𝜃2 cos𝜃𝜃2
2 sin2 𝜃𝜃2

= cot
𝜃𝜃
2

 

(shown) 
 

When 𝜃𝜃 = 𝜋𝜋, 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= cot
𝜋𝜋
2

=
1

tan𝜋𝜋2
= 0 

 
When 𝜃𝜃 → 0 and 𝜃𝜃 → 2𝜋𝜋, the tangents are vertical. 
 

(ii) From GC, 

 
 

(iii) Area 

= � 𝑦𝑦
2𝜋𝜋

0
𝑑𝑑𝑑𝑑 

= � (1 − cos𝜃𝜃)(1− cos𝜃𝜃)
2𝜋𝜋

0
𝑑𝑑𝑑𝑑 

= � 1 − 2 cos𝜃𝜃 + cos2 𝜃𝜃
2𝜋𝜋

0
𝑑𝑑𝑑𝑑 

= � 1 − 2 cos𝜃𝜃 +
1
2

cos 2𝜃𝜃 +
1
2

2𝜋𝜋

0
𝑑𝑑𝑑𝑑 

= �𝜃𝜃 − 2 sin𝜃𝜃 +
1
4

sin 2𝜃𝜃 +
1
2
𝜃𝜃�

0

2𝜋𝜋
 

= 2𝜋𝜋 + 𝜋𝜋 = 3𝜋𝜋 
 

(iv) At 𝑃𝑃(𝑝𝑝 − sin𝑝𝑝 , 1 − cos𝑝𝑝), 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= cot
1
2
𝑝𝑝 

 
Equation of normal at 𝑃𝑃: 

𝑦𝑦 − (1 − cos𝑝𝑝) = − tan
1
2
𝑝𝑝 [𝑥𝑥 − (𝑝𝑝 − sin𝑝𝑝)] 

 
When 𝑦𝑦 = 0, 

−(1 − cos𝑝𝑝) = − tan
1
2
𝑝𝑝 [𝑥𝑥 − (𝑝𝑝 − sin𝑝𝑝)] 

𝑥𝑥 − 𝑝𝑝 + sin𝑝𝑝 =
1 − cos𝑝𝑝

tan 1
2𝑝𝑝

 

(2𝜋𝜋, 0) (0, 0) 

(𝜋𝜋, 2) 
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𝑥𝑥 − 𝑝𝑝 + sin𝑝𝑝 =
2 sin2 1

2𝑝𝑝

tan 1
2𝑝𝑝

 

𝑥𝑥 − 𝑝𝑝 + sin𝑝𝑝 = 2 sin2
1
2
𝑝𝑝�

cos 1
2𝑝𝑝

sin 1
2𝑝𝑝

� 

𝑥𝑥 − 𝑝𝑝 + sin𝑝𝑝 = 2 sin
1
2
𝑝𝑝 cos

1
2
𝑝𝑝 

𝑥𝑥 − 𝑝𝑝 + sin𝑝𝑝 = sin𝑝𝑝 
𝑥𝑥 = 𝑝𝑝 

 
∴ The normal crosses (𝑝𝑝, 0). (shown) 
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